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Announcement Hw3 due today Hw4 posted

Recall Mmg Riemannianmanifold 1 1 TM

is a a mfd Mm L o M
7 fiber Iposdef metric g on TM M P q

Fundamental Thin of Riem Geometry
Given a Riem mfd Mmg I connection D on TM set

l Dg I 0 metric compatible

torsion free
Riemannian

Levi Civita connection2 T I 0

Proof constructive proof

GOAL Derive an explicit formula of D using ONLY
C17 2

For X Y Z E ACM

X LY Z L 17 4,2 7 t LY 17 2 7

1
Y LZ X L Dy't X 7 LZ DyX

I
Z LX Y L DzX Y 7 t LX DzY

RHS L D YtDyX Z C 13 2 D X Y t CDy't DIC X
2

z
L 2134 X Y 2 7 1 L CX23,47 t L EY 2I X 7

Rearrange the terms

2 L DIC Z L x YI 2 7 LEX 27,47 L CY 23 x

defines
Z t YCCx 27 t X LY 2 7

Dx't
only involves L g and C

Koszul'slocally T.jh z gkefgej.itSieg Gigie formula
in coordinates

is



Remark Tigh F 8,28

By general connection theory
D Levi Civita Riemannand
connection on TM curvature Riem R

t X YE M x Y TM TM i e R E T TTT End TM

locally R Nij rig local 2 forms on M

Suppose e Cm basis for TM

O Om dual basis for T M

we can write Nij lz.EE 2ijneOhnOl where R ghe Rijek

lower its
index Nij SipAPJ Ee Rijn OhnOe

Symmetries of Rijke
I Rijhe Rijek Rjike
2 Rijhe Ring Riejn o C1stBianchi identity

3 Rijke Rkeij

Pf 1 1st by def 2nd i Aji Nij for metric compatibleD

2 Locally in basis E Ce em a E m

DE Ew DE WrfHw

So O d E du n I t w r DE
dw n E t w n C Wn E

dw n E
S



Thus we obtained In D 0

Moreexplicitly Iz E Rijne OthOhOt O
Jahl

Look at the components

Rig.netRing Riejn RinjetRijen Rienj 0

lower
index Rijnet Rinej t Riejh Rinje Rijen Rienj O

2 Rijnet Ring Riejh
1 t z 3

2

Rijne t Rikej t Riejh O
a

Rj he t Rjhei t Rjein O

2 Rijne t Rinej t Right Rjhie 1Rejik O

invariant under
ii j ca ke

is
Remarks Rijhe R ei ej en ee R Co 4 tensor

RCX.tl ej Rig Xi Ei rig ix Y CRCxiaej.ci

i e R IX Y Z w C Rcxic Z W 7

In localword Rijhe Tiej h Tinge 1 TeejThip ThyTip Ex

Remark G gig 2 D Tigh FC9,2g

R Rijhe3 Ecg ag Ig
Oneconsequence of the symmetries of Rijhe

AtPEM Rp n'Tpm if TM B curvatureoperator
acting on 12TH

or RTFMse Rp ein ej Ehree Right 1 welladefined
3 symmetric



Det F Mmg Nmh is an isometry

if F M N is diffeomorphism F h g

Remark Riem is a geometric invariant indep of word

F Mig Nih F Riem h Riem G
isometry
ie F h g

ES Locally isometricmanifolds have
the same Riem curvature

Q How much does Riem Curvature determine the metric

A In general it's not fully But sometimes true

1hm Mmg RiemCg Io 2 7 MTG is locally isometric to Rm8standnosed
Euclidean
metricProof trivial

Suppose Mmg with Riem g IO i.e D is flat

Fix pe M and e em 0 N B of TPM
M

D flat 7 parallel extension of e em ie Dei IO
near p

in a nbd of p in Mem I
engage 1

emEste I Let gij Cei ej Lei ej Cp Sig
Rse s

p pem I
Ese parallel

GOAL Show 7 localword X Xmof M et Ei Zi
Consider dual basis of 1forms O Om of e em

flat
Recall d wire o ie IO 0

By Poincare lemma O dxi for some fan near p

So 2040J Sig Fi Mig Rm S is local
isometry

G Hq Xmcq



Remark Globally may have topology eg flat Toms Tm BIA
but the thin is t.me passing to the universal cover M

Note Riem curvature Riem of CMMg is the higherdimensional

analogue to the nation of Gauss curvature for surfaces in IRB

When m 2 surface case

Rp NTpM x XTpM IR say n'Tpm spanfearez
Tpm

Kp Rpl.eenee.i eei7 nReIe.mprEEha.aGauss 7
Herearmature

at P

In general we have

Def n Let IT E Tpm be a 2 dim subspace ul basis v w

Kpfa a
R VAW Vaw section curvature

11 n w 112 of Tl at p

Ncte KpCT is indep of choice of basis v w l for CT

Kp Gr 2 Tpm B

q
Tpm

a cTpm IT 2 dim
subspace

locally e em 0 N B Kp spanfei.gl Rijij
of Tpm

Q Does sectional curvature determine Rian
completely

A Yes
Fhm The sectional armatures determines Riem curvature tensor

ie If R R are co 4 tensors satisfying the symmetries I 031 of Riem

then R R



Note This is just an algebraic statement
W1

Knowing Rijij knowingRijke
symm

Proof Let R R Rl then R satisfies the symmetries CI 37

sectional armatures

of Rc R agree
R X Y X Y o V X Y o n of Tpm

To show R X Y Z W O t X Y 2 W

it suffices to show the case XY ZW are mutually O N

Claim1 R X C Z Y o Cie Y W

o R Y Y I RCXTZ.Y.x czicj RCX.Y.z.sc

case m 3 true

Claim 2 R X Y Z w O for M 34

o R x Yt Z Ttf Iz R x Tew Z Yew
9

byclaim1 R X Y Z w c RIX W 2 Y

REX c E w R X W Z Y R X W Y Z

R X Z Y W R X Z W Y O

by1stBianchi
identity

is

Cori G has constant sectional curvature Ko c IR everywhere

Rijhe Ko Singe Sie9jh

Next Riem is a co41 tensor which admits a natural algebraic

decomposition into 3 parts

Riem W Ric t R
p ra tracefree scalarWeylcurvature Riccican curvature



By take traces of the 6.43 tensor Riem Rijne n
Ricciarmature

Def Ric X Y _i R X Ei Yee where e em 0 NB
forTpm

Seal R n EY RicCei Ei g Scalar
curvature

Observations Ric is a co 2 tensor R is a function

locally Ric Rje Rijie Rijie Rjiei

R Rig Riiij I Rijij
Rio X Y RicCY X Ric is a symm 0,2 tensor

like g e ex
m 2 R 2K 1µg
Ric x x If RCX.li X ei EmRce e es ej

e

j 2

say X e es em 0 N B secturine ofspanEe ej

So Ric X X averagesectional arm

of Tl 3 X

Recall For any symm Co 2
tensor h we have a decomposition

Trch
h h t gm

trace trace
free partpart

Think in terms of matrix

o Tr A
A A T I

i 3 L Ii o's
tra 3 torn _o tr 3



Def'd Kulkarni Nomizu Product o

hop he h in Pje t hjePin hjnPie hiePjh
I 9

symm 6.21 tensors samesymmetries as Rijhe

Then scalararmature

Riem W t m z
Rico g z good

Remarks Wijne is trace free Cine Wijie 0

Rio Ric g is the trace free Rica tensor

Prop Wey curvature tensor

i m 2 then W o Ric o and R 2K

ti m 3 W o ie Riem is determined by Ric

iii W is conformally invariant i e

zu zu
g e g w e w

for some we CM

Proof Hw problems

Remark When m 34 Wg o L g is locally conformally flat

ie 7 wordsystem at Sig Sij


